Proposed problems - Kittiz6tt feladatok

o Newsletter of the Furopean Mathematical Society, Issue 127, March 2023, Problem 273
(Proposed by Lészlo Toth):

Let ¢, (k) denote the Ramanujan sum defined as the sum of kth powers of the primitive nth
roots of unity. Show that, for any integer m > 1,

Z Cn(k) = gp(m),

[n,k]l=m

where the sum is over all ordered pairs (n, k) of positive integers n, k such that their lem is m,
and ¢ is Euler’s totient function.

o Newsletter of the Kuropean Mathematical Society, Issue 127, March 2023, Problem 274
(Proposed by Laszlo Toth):

Show that, for every integer n > 1, we have the polynomial identity

H (+=10) _ 1) = T] @a(a)#/2@),

:1 dln

where ®4(x) are the cyclotomic polynomials and ¢ denotes Fuler’s totient function.

o Newsletter of the Furopean Mathematical Society, Issue 103, March 2017, Problem 172
(Proposed by Lészlo Toth):

Show that for every integer n > 1 and every real number a > 1 one has

n
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R G < (1+).
2n_n“+1; a+1 2n< +2n)

e Newsletter of the Furopean Mathematical Society, Issue 103, March 2017, Problem 173
(Proposed by Lészlo Toth):

Let ¢, (k) denote the Ramanujan sum defined as the sum of kth powers of the primitive nth
roots of unity. Show that for any integers n, k,a with n > 1,

Z ca(k)a™® =0 (mod n).
dln




e American Mathematical Monthly, vol. 118, 2011, Problem 11576 (Proposed by Laszl6 Toth):

Let w(n) denote the number of distinct prime factors of n. Let P(x, k) be the set of integers
in [1, z] that are relatively prime to k, and let ¢(x, k) = |P(z, k)|. Let

S(ak)y= > (-1~

neP(x,k)

Show that for all real z in [1, 00),

Z( 1)“M p(x/n,n) = ZSx/nn—l

1<n<zx 1<n<zx

e American Mathematical Monthly, vol. 98, 1991, Problem E 3432 (Proposed by Laszlo Toth):

(1) Prove that for every positive integer n we have

1 1
<1+*+-"+g—logn—'y<

2 +2/5 2 2n +1/3’

where v is Euler’s constant.

(ii) Show that 2/5 can be replaced by a slightly smaller number, but that 1/3 cannot be
replaced by a slightly larger number.

e American Mathematical Monthly, vol. 94, 1987, Problem E 3211 (Proposed by Laszl6o Toth):

Let w(k) denote the number of distinct prime factors of the positive integer k and let (i,n)
denote the greatest common divisor of the positive integers ¢ and n. Express

zn: g ((in))
=1

in terms of the prime factorization of n.

e Matematikai Lapok (Kolozsvar) 2/1992 szam, 22620. Feladat, XI. osztaly (Kittzte T6th
Laszlo):

1 n—1
Legyen z,, = M, V) n > 1. Szamitsuk ki a
&Y nn+1
lim n< In_ _ 1)
hatarértéket.

e Matematikai Lapok (Kolozsvar) 1/1991 szam, 22255. Feladat, XI. osztaly (Kittzte Toth
Laszlo):
Alkalmazva a Wallis-képletet (lasd 21842. feladat, ML 7/1989. sz.) igazoljuk, hogy

\[T n+ <y T n+ Y)n > 1.
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e Matematikai Lapok (Kolozsvar) 1-2/1990 szam, 22035. Feladat, XI. osztéaly (Kittizte Toth
Laszlo):
Az (xy)n>1 sorozatot a kovetkezd Osszefiiggéssel értelmezziik:

<1+ ! )n:e, (W) n> 1

n—Tn

Igazoljuk, hogy a sorozat szigortian novekvd, korlatos és ILm zn = —. (A ML. 3/1985 szdmanak
n—oo
20382. feladataval kapcsolatban.)
e Matematikai Lapok (Kolozsvar) 5-6 /1988 szam, 21463. Feladat, XI. osztaly (Kittizte Toth
Laszlo):

Igazoljuk, hogy

1 1 1 1
— ) = — In{l4+—] -In{1l+ —— > 1.
1n<1+n> ln<1+n+1>>n<+n> n<+n+1>, (V) neN,n>
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